We demonstrate that asymmetric acoustic wave transmission in a waveguide can be achieved via gradient index metamaterials (GIMs). We theoretically prove that the acoustic wave can be efficiently converted to surface waves (SWs) via GIMs. The GIMs in a waveguide can allow the transmission of acoustic waves in one direction but block them in the other direction. This theory is validated by experiments. Our findings may provide new applications in various scenarios such as high-efficiency acoustic couplers and noise control.
Introduction
Acoustic metamaterials and metasurfaces have shown great flexibility to control the behaviors of sound. Many significant research efforts have been demonstrated, including the works on negative refraction [1] [2] [3] , noise control [4, 5] , hyperlens [6] , diffusers [7, 8] and other acoustic devices [9, 10] . Asymmetric transmission of acoustic waves, on the other hand, is a phenomenon where sound is permitted to transmit in one direction, but not the other. It has been realized through active systems [11] . For example, Gu et al. [12] designed an acoustic diode by using an acoustic nonlinear material and a pair of gain and lossy materials. Popa et al. [13] demonstrated a non-reciprocal active system to achieve the unidirectional acoustic energy transmission which consists of a piezoelectric membrane connected with a circuit.
Although active systems could demonstrate large asymmetrical effects, they have many disadvantages, such as their complexity and inevitable energy consumption.
In order to overcome the limitations of active systems, a variety of passive structures have been investigated, such as asymmetric acoustic gratings [14, 15] , lossy metasurfaces [16] , and cascaded metasurfaces [17, 18] and the other acoustic devices [19] [20] [21] . Although extensive works have been carried out in this area, new design schemes are still in need for the sake of more robust asymmetric sound transmission. Recently, there has been a growing interest in researching the conversion of propagating waves to surface waves (SWs) [22, 23] . For instance, electromagnetic (EM) wave gradient index metamaterials (GIMs) have been theoretically and experimentally demonstrated for nearly perfect conversion of propagating waves to SWs [24] . It is further shown that such a wave mode conversion can be utilized for unidirectional transmission [25] . As the counterpart of EM waves, it is expected that acoustic waves can also be manipulated in a similar fashion. However, to the best of our knowledge, this scheme has not been demonstrated in acoustics.
In this letter, we investigate an acoustic wave structure consisting of a pair of two-dimensional GIMs symmetrically distributed in a waveguide. The GIMs are realized by unit cells with rotational symmetry. When the incoming acoustic wave propagates along the direction where the relative index increases, the acoustic wave is converted to SWs and is allowed to transmit in this direction. For the opposite direction, where the relative index decreases, the sound is blocked, giving rise to asymmetric acoustic wave transmission. Numerical simulations and experiments are provided to validate the proposed design. of a waveguide and two GIMs mounted on the inner walls of the waveguide. The gradually changing red regions represent the relative refractive index of the GIMs, which slowly increases in the direction pointing to the right. The relative refractive index of the GIMs is governed by the following equation [25] :
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where k is the increasing rate of the relative refractive index, k 0 is the wavenumber of the background medium (air), and d is the thickness of the GIMs. The width of the waveguide is denoted as w and the waveguide is enclosed by perfect rigid boundaries (PRBs).
The relative refractive index of the GIMs provides a gradient phase shift as
where u 0 is the initial phase. When the acoustic wave is incident from the left, it propagates inside the waveguide while interacting with the GIMs. The GIMs provide a gradient phase shift along the interface between the GIMs and air, and finally cause the acoustic wave to be converted into SWs and transmitted to the right port (red arrows). For the acoustic wave traveling to the right, the gradient phase shift is flipped, and the acoustic wave stops propagating at a certain location in the waveguide (blue arrows), for the reason that will be explained in details below. The mechanism of this asymmetric wave propagation phenomenon can be unveiled by investigating the dispersion relations of the waveguide using a commercial software package (COMSOL Multiphysics 5.3a). In order to simulate the dispersion relations, we build an ideal unit cell (the inset in Fig. 1b) with the period p = 10 mm, which is consistent with the real-structure unit cell as shown below. Here, region I is the effective medium with a constant relative refractive index and the region II is air. The periodic boundary condition is chosen for the left and right boundaries and the top and bottom boundaries are acoustically hard. We choose the dimensions as d = 22 mm and w = 50 mm. In Fig. 1b -e, the relative refractive index of region II gradually changes from 1 to 2.5 as increment of 0.5. The black lines are air lines and the blue dash lines indicate the frequency of 2,500 Hz. Dispersion curves for the 3 lowest modes (mode 0, 1, and 2) are plotted. When the incident acoustic wave comes from the left, the relative refractive index of the effective media slowly increases from 1 to a higher value. Fig. 1b indicates that the dispersion curves of mode 0, mode 1 and mode 2 are on the left side of the air line when the relative refractive index is 1. Consequently, acoustic waves cannot be converted to SWs [26] . On the other hand, in Fig. 1c -e, the dispersion curves of mode 0 and mode 1 are mostly on the right side of the air line, thus these two modes can be excited at 2,500 Hz as SWs. The insets in Fig. 1d-e show the eigenmode fields of the mode 0 and mode 1 at 2,500 Hz. Because the GIMs start with low refractive indices (close to that of air), they naturally provide impedance matching between air and the GIM. The SW is further allowed to propagate in GIMs due to the gradually increased relative refractive index, since a higher refractive index indicates a better confined SW [27, 28] . For the acoustic wave traveling to the left, the relative refractive index of the GIMs is greater than 1 at the opening of the waveguide. In this case, the waveguide with GIMs supports mode 0 and mode 1 of the SWs at 2,500 Hz. However, because wavenumber k x along the x direction is significantly greater than k 0 at 2,500 Hz and above (i.e., the dispersion curve is on the far right side of the air line), there is a large momentum mismatch between the GIMs and air, giving rise to strong acoustic reflection. Very little energy is converted to that of the SW and additionally, the SW gradually attenuates as the relative refractive index of the GIMs decreases, which can be explained by the ray theorem [25] . As a result, acoustic waves traveling to the left will exhibit low transmission and these traveling to the right will exhibit high transmission, albeit in the form of SW.
In order to verify the asymmetric wave propagation illustrated in Fig. 1 , we simulate the instantaneous acoustic pressure fields in Fig. 2 at 2 ,500 Hz. The parameters are as follows: d is 10 mm, w is 50 mm, k is 0.2 k 0 , and the length of the waveguide L is 500 mm. According to Eq. (1), the relative refractive index of the GIMs gradually increases from 1 to 6. The left and right boundaries are reflectionless boundaries. In Fig. 2a, b , a point acoustic source is located inside the waveguide at 2/3L to the left end. It can be observed that the acoustic wave coming from the point source radiates along + x direction only. On the other hand, the acoustic wave propagates in both directions (Fig. 2b) without the GIMs. Similarly, when an acoustic plane wave incidents the waveguide from the left or right, the asymmetric acoustic wave transmission is demonstrated in Fig. 2c, d . In particular, the conversion from the bulk wave to SW is evident in Fig. 2c. 
Unit cell design and simulations results
To realize asymmetric acoustic wave transmission, a practical design of the GIM is needed. One major challenge for the design is to achieve a large relative refractive index, such as 6 used in the simulation above. From Eq. (1), it is found that either increasing d or decreasing x would reduce the largest relative refractive index required for the design. Therefore, we propose the dimensions of the GIMs as follow: d = 22 mm, L = 400 mm, w = 50 mm and k 0 = 0.2 k. In Fig. 3d , we show the ideal relative refractive indices from 1 to 2.82 as a function of x governed by Eq. (1). The unit cell structure can be found in the inset of Fig. 3d , which consists of four long arms and eight short arms. The lengths of the long arm and short arm are l and s, respectively, and the width of the arm is t. The p and h are the periods along x and y directions. In addition, p = 10 mm, h = 11 mm and t = 0.5 mm. To fabricate the sample, the material used is photopolymer resin, which density q ¼ 1300 kg=m 3 and speed of sound c ¼ 716 m=s. l and s are optimized to design the unit cell and realize the relative refractive index required by the GIMs.
In Fig. 3a , b, we sweep l (a) and s (b) to obtain the needed relative refractive index. In Fig. 3a , we show the relationship between the relative refractive index and relative impedance of the proposed unit cell with the long arm length l, which varies from 0.5 to 9.75 mm at 2,500 Hz. Here, t = 0.5 mm and s = 0.5 mm. When l is increased, the relative refractive index grows slowly at the beginning and then increases fast. The maximum relative refractive index is 2.15. Larger long arm lengths are not trialed because they would be close to the period of the structure p. To further increase the relative refractive index, s is treated as a variable in Fig. 3b , which varies from 1.15 to 3.5 mm at 2,500 Hz. Here, t = 0.5 mm and l = 9.75 mm. In this case, the relative refractive index increases from 2.15 to 3.55 as s rises. In addition, the relative refractive index and relative impedance of the proposed unit cell over the frequency span from 1,500 to 3,500 Hz, where t = 0.5 mm, l = 9.75 mm and s = 3.5 mm are shown in Fig. 3c . The relative refractive index changes relatively slow as frequency increases. By optimizing the long arm length l and short arm length s, we obtain the unit cells that would provide the required indices as shown in Fig. 3d and the detailed sizes of the 40 unit cells (No. 1-40) are shown in Table 1 . Meanwhile, the gradually increased impedances of the unit cells in +x direction greatly facilitate the propagation of acoustic surface mode with low reflection loss.
To prove the asymmetric acoustic waves transmission, we use the unit cells designed in Fig. 3 to compose the GIMs in Fig. 1 . Similar to the Fig. 2c, d , full-waves simulations was conducted to observe the acoustic pressure field in Fig. 4 , and the simulated conditions are the same with Fig. 2c, d . From the dimensions of the GIMs, we propose 40 layers of unit cells along x direction and 2 layers of unit cells along y direction to build the GIMs. For the acoustic waves coming from the left, the acoustic waves are gradually converted into SWs (Fig. 4a) and reach the right end of the waveguide. For the acoustic waves coming from the right, the acoustic waves are blocked at some positions and most of the acoustic waves cannot pass through the waveguide (Fig. 4b). 
Experimental results
To experimentally validate the asymmetric acoustic waves transmission of the waveguide with GIMs using a home-built acoustic near-field scanning system, we fabricate a sample, comprising two identical GIMs and aluminum plates which are considered as PRB as shown in Fig. 5a . The geometric and material parameters of the GIMs samples are the same as those in Fig. 4 , which are fabricated via 3D printing. The height of the GIMs sample is 12 mm, which is deposited on a 2 mm thick photopolymer resin plate. The aluminum plates with 12 mm height are manufactured via computerized numerical control (CNC) machine. In Fig. 5a , the near-field scanning system is a planar waveguide which consists of two parallel plexiglass plates (the upper plexiglass plate is not shown in the figure) . In order to avoid unnecessary scattering at the left and right boundaries, we place acoustic absorbing forms at the left and right ends. A 1/4 in. microphone (BSWA MPA 416) is embedded into the upper plate to detect acoustic pressure field at various locations, and the signals of the microphone are transmitted into the computer for post-processing. A loudspeaker is placed at the entry of the waveguide to generate acoustic waves with 2,500 Hz frequency. When the acoustic waves coming from the left port, the location of the GIMs samples and the loudspeaker are shown in Fig. 5a . For the acoustic waves coming from the right port, the loudspeaker is placed in the right port and the location of the GIMs samples does not change. A translation stage is used to carry the upper plexiglass plate and scans in x and y directions. The acoustic pressure fields could be measured in a certain area as the red dash box shown in Fig. 5a . The step resolution in both directions is 2 mm.
In Fig. 5b , c, we show the measured acoustic pressure fields for the acoustic waves from the left and right ports at 2,500 Hz. In Fig. 5b , the acoustic waves propagate along x direction and are smoothly converted to SWs. For the acoustic waves from the right port, the acoustic waves gradually attenuate and are blocked at some positions (Fig. 5c) , validating the asymmetric acoustic wave transmission effect. It is noteworthy that there is slight difference between the simulated results (Fig. 4 ) and the measured results (Fig. 5b, c) . This is mainly because when we scan the acoustic pressure fields, there is a 1 mm air gap between the sample and the upper plexiglass plate. The air gap is used to facilitate the microphone detection while preventing damage to the sample. Such air gap causes energy leakage and the relative refractive index and dispersion relations of the unit cells can be different from the design during the measurement. Nevertheless, asymmetric acoustic wave transmission is still evident from the measurement.
Conclusions
In summary, we have numerically and experimentally demonstrated asymmetric acoustic wave transmission through a waveguide with GIMs. We show that the acoustic waves could be converted into SWs when they come from the left side of the waveguide and is further allowed to be transmitted through the waveguide. On the other side, the wave cannot propagate when they come from the right side of the waveguide. It is demonstrated that surface wave conversion could be a useful tool to control acoustic waves and new acoustic devices can be designed and fabricated. Our study provided a means to control the transmission of the sound, added new applications of surface waves in the acoustic domain, and meanwhile opened a new avenue for high-efficiency acoustic couplers and noise control. In addition, several methods can be employed to achieve tunable metamaterials and metasurfaces [29] . We think it is really an important trend for developing the high efficiency one way transmission device. 
